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I. THE NEED FOR A NEW SFS MODEL FOR UNDER-RESOLVED TURBULENCE
In wall-bounded turbulent flows at high Reynolds it is often impossible or impractical to resolve the viscous sublayer, or the sublayer simply does not exist due to surface roughness. In these situations the surface viscous scale is not resolved and the inertial layer extends to within the first grid level. Since some characteristic integral scales decrease proportionally with distance from the surface in the inertial layer, the resolution at the first grid level is on the order of or larger than these integral scales. Thus there will necessarily exist integral scale motions at the first several grid levels that are under-resolved independently of grid resolution. ͑We assume grid aspect ratioϾ1 elongated parallel to the surface, as is usual.͒ Under-resolution of energy-containing motions is a serious difficulty for most closures of subfilter-scale ͑SFS͒ stresses in large eddy simulation ͑LES͒ ͓in the next section we shall find it necessary to distinguish between turbulence scales below the grid ͑subgrid-scale, or SGS͒ and scales below the LES filter scales ͑subfilter-scale, or SFS͔͒ in LES since nearly all SFS models are designed for a filter cutoff within the inertial range. ͑A notable exception is the model by Domaradzki and colleagues 1, 2 which applies a locally refined mesh.͒ Furthermore, it has been shown 3, 4 that, whereas the relative contribution to resolved scale evolution from the subfilter acceleration is small when all integral scales are well resolved, the resolved-scale ͑RS͒ and subfilter-scale contributions to the filtered Navier-Stokes equation are of the same order when integral scale motions of dynamical importance are under-resolved. Thus, errors in the SFS closure have a much greater impact on RS evolution near the surface than in other regions of the flow.
These effects were recently demonstrated in the shear and convectively driven atmospheric boundary layer, a horizontally homogeneous rough-wall boundary layer in which shear and buoyancy interact near the surface. In convective boundary layers, the dynamically important integral-scale motions which are under-resolved at the first several grid levels are primarily the horizontal integral scales of the vertical velocity. It is well known that, for this mixed shearconvective boundary layer, the mean velocity gradient near the surface is poorly predicted by LES with classical closures, [5] [6] [7] as are other low-order moments. 7, 8 It has been demonstrated that the error in mean velocity has its origins in the SFS model rather than grid resolution, and that refining the grid simply moves the region of under-resolution and SFS model error closer to the surface. 7 Buoyancy-driven motions carry the surface errors vertically to alter the overall boundary layer structure, 9 suggesting that any stationary state where momentum is continuously transported from the surface can be infected globally by localized errors very near the surface where integral-scale motions are poorly resolved.
In a recent study using two under-resolved homogeneous turbulence simulations with very different anisotropic structure, Juneja and Brasseur 4 ͑henceforth referred to as JB99͒ showed that eddy-viscosity-based and similarity SFS models share a common difficulty in large-eddy simulation of underresolved turbulence which can explain the overprediction of mean gradients near the surface of shear-convective boundary layers. They found that, because the SFS stress is algebraically linked to the resolved velocity field, a spurious feedback loop is established between the anisotropic structure of the resolved velocity field and the predicted SFS acceleration ͑SFS stress divergence plus pressure gradient͒ that incorrectly enhances certain components of the predicted velocity field. Furthermore, these models do not contain sufficient degrees of freedom to capture both the RS-SFS energy flux and the SFS acceleration vector ͑flux-divergence plus pressure force͒ at a reasonable level of accuracy. Also, eddyviscosity models seriously underpredict the contribution of SFS pressure force ͑gradient͒. Thus, a new SFS modeling strategy is needed which can simultaneously break the spurious feedback loop, and capture both RS-SFS energy flux and contributions to SFS acceleration at a reasonable statistical level. We present such a strategy in this paper.
Our approach is to systematically analyze and correct deficiencies in LES simulations near surfaces, the full complexity of which includes inhomogeneity and boundary conditions. The boundary conditions on SFS stress, in particular, will alter the evolution of the stress divergence in the resolved velocity equation and can therefore have a strong influence on the accuracy of the numerical simulation. 10 In both JB99 and the current study we have purposefully separated the influence of the boundary conditions from that of the SFS model to first design a closure specifically for the situation where integral scales are under-resolved.
II. NEW MODELING STRATEGY, CONCEPTS, AND TERMINOLOGY

A. Basic concepts
To illustrate the basic concept behind our modeling strategy, consider the schematic in Fig. 1 , a generic spectrum which would be captured in an exact calculation if all turbulence scales were resolved. We assume that a viscous sublayer does not exist or is never resolved, even if the grid were continually refined. This spectrum therefore represents one, two or three component motions with an integral scale L that increases linearly with distance z from the surface. Thus, for these motions the energy-containing scales are only partially resolved at the first few grid levels.
Subgrid scales (SGS)
We define the grid spacing in physical space as ␦. Thus the grid has no ability to resolve SubGrid-scale ͑SGS͒ motions to the right of the heavy line in Fig. 1 , shown filled with dots, with grid cutoff k ␦ ϳ1/␦. If grid resolution were increased with the same grid aspect ratio, the portion of the spectrum resolved by the grid ͑the two cross-hatched regions in Fig. 1͒ would not change at the first grid level since L ϳ␦ϳ1/k ␦ . Grid refinement simply moves the region of under-resolved integral scales closer to the surface.
Subfilter scales (SFS)
In practice, there must exist a second ''LES filter'' with a scale ⌬ which is distinct from the ''grid cutoff filter'' with scale ␦Ͻ⌬ represented by the heavy line in Fig. 1 . Although one might imagine theoretically an LES filter that coincides with the grid cutoff filter (␦ϭ⌬), in practice there exists a spectral gap between the LES filter and grid cutoff filter to maintain numerical stability and to reduce aliasing errors in the smallest scales resolved by the LES filter. ͑''Aliasing'' here refers both to kinematic aliasing errors arising from the discrete nature of the grid and dynamic aliasing from the formation of energy-conserving nonlinear products on a grid which does not resolve all relevant scales of motion.͒ Whereas in pseudospectral simulations this spectral gap is maintained explicitly during a dealiasing step, in fully physical-space-based simulations the spectral gap is determined by the effective dissipation in the ''SGS model'' plus the numerics. In either case, the effect is to create a separation between the grid scale ␦ and an LES filter scale ⌬.
Whereas our schematic shows a hard LES filter in spectral space ͑as might be done in pseudo-spectral method͒, the LES filter is, in general, smooth. Thus, what is traditionally called a subgrid, or SGS, closure is technically a closure for the unresolved Sub͑LES͒Filter scales, an SFS closure. In a pseudospectral calculation, u s1 is the velocity in those scales between the grid and LES filter cutoff (␦Ͻs1р⌬) which are explicitly filtered during dealiasing of the r scales ͑plus any additional implicit filtering from the dissipative nature of the numerics and/or the SFS model͒. In physicalspace-based LES, the LES filter is generally unknown, as it is entirely an implicit consequence of the model and numerics. In Fig. 1 light cross-hatchedϩdotted regions͒ are subfilter scales ͑SFS͒. The subfilter scales include the subgrid scales ͑SGS͒ as a subset.
LES-resolved scales (RS) and resolvable subfilter scales (RSFS)
The complete velocity field u is therefore decomposed into LES-Resolved-Scale ͑RS͒ velocity u r ͑the dark crosshatched region of Fig. 1͒ plus SFS velocity u s . The SFS velocity contains both the SGS motions u s2 that cannot be represented on the grid ͑the dotted region in Fig. 1͒ , plus a subset of grid-Resolvable-SubFilter-Scale ͑RSFS͒ motions u s1 that, in principle, live on the grid in the gap between the LES and grid cutoff filters ͑the light cross-hatched region of Fig. 1͒ . The decomposition uϭu r ϩu s , and u s ϭu s1 ϩu s2 ͑simi-larly for other turbulence variables͒ underlies our modeling strategy. In Fig. 1 , the RS are illustrated with dark crosshatching, the RSFS with light cross-hatching and the SGS with dots. The LES-resolved variables (u r , p r ) are calculated from the filtered versions of the Navier-Stokes equation with a subfilter-scale model for those terms which contain SFS variables (u s ,p s ).
B. The LES equations
The evolution of the LES-resolved velocity field u r is described by the filtered Navier-Stokes equation which may be written as the sum of a RS acceleration vector a R , which depends explicitly only on RS velocity, and a SFS acceleration vector a S that contains all terms involving SFS velocity:
where the RS and SFS accelerations are
Here is the molecular viscosity and the superscript r implies a quantity spatially filtered, either explicitly or implicitly, during the LES. These variables live at scales larger than
contains the nonlinear interactions between RS and SFS velocity. The resolved-scale pressure p r ϭp R ϩp S is the sum of a part with only RS motions (p R ) and a part containing SFS-RS interactions (p S ) that is explicit in the SFS stress tensor:
The second filter placed on the nonlinear terms describes the explicit and/or implicit filtering which takes place in a largeeddy simulation. Consequently the Leonard term does not appear in Eq. ͑4͒.
The SFS acceleration a S contains all nonlinear triadic interactions between resolved-and subfilter-scale motions. Whereas these interactions can, in principle, include scales well below the filter cutoff, in equilibrium turbulence the triadic interactions are generally dominated by scales relatively close to the filter cutoff. 2, 11 The nonlinear dynamical couplings which dominate a R , on the other hand, tend to be more localized to the most energetic motions which, in under-resolved LES, lie at the filter cutoff. Whereas a R is calculated explicitly during a large-eddy simulation, a S must be modeled, traditionally through the SFS stress tensor r . Eddy-viscosity models for r assume direct proportionality between the deviatoric part of the SFS stress tensor ( a ) and resolved strain-rate
In the Smagorinsky eddy-viscosity closure, the eddy-
2 ͉S r ͉, where C r is the Smagorinsky constant, and ␦ is generally taken to be the average grid mesh spacing (␦x␦y␦z) 1/3 . I is the unit tensor. The isotropic part of r is combined with pressure to form a modified pressure in the solution of Eq. ͑1͒.
Note that the model for r determines the SFS stress divergence and SFS pressure force contributions to a S in Eq. ͑3͒, as well as the flux of energy between the resolved and subfilter scales ͗ r :S r ͘, where S r is the resolved strain-rate tensor. Thus, in the near-surface region the modeled vectorial structure of r must be such to capture, at some reasonable level of accuracy, the levels and vectorial structure of the SFS stress-divergence and pressure-gradient vectors, as well as the level of RS-SFS energy flux ͑JB99͒.
C. The RSFS model
The analysis of JB99 leads to the conclusion that SFS models which algebraically couple SFS stress to RS velocity are likely to fail near the boundary. JB99 identified the primary pathology in algebraic SFS closures which underlies the overprediction of mean shear at the first few grid levels adjacent to a surface to be associated with a spurious feedback loop between the anisotropic structure of the RS velocity field u r and the predicted anisotropies of the SFS acceleration vector a S . They found that standard algebraic closures cause a systematic overalignment of RS velocity in the direction of the dominant component kinetic energy which results from systematic overalignment of the modeled SFS acceleration vector a S in the direction of the dominant velocity component. JB99 argued that, near the surface, the consequent spurious enhancement of streamwise velocity coupled with the no-slip boundary condition is the primary contributor to overprediction of mean shear near the surface. We therefore seek a separate dynamical system for the SFS terms with sufficient degrees of freedom to estimate both the RS-SFS energy flux and the nonlinear couplings between subfilter and resolved scales.
The objective of our ''RSFS model'' is to develop a sufficiently accurate dynamical system for resolvable SFS velocity u s1 on the grid within the spectral gap left vacant by the second filter at k ⌬ , so that the predicted RSFS velocity u s1 may be used as a reasonably accurate surrogate for the full SFS velocity u s in forming both the SFS stress in Eq. ͑4͒, and its divergence in Eq. ͑3͒. Note that the width of the RSFS spectral gap ⌬/␦ is variable in principle. In our fully pseudo-spectral simulations herein, we have chosen the LES filter cutoff ⌬ explicitly during dealiasing with ⌬/␦ϭ2. It should be noted that one could also extend the range of resolvable subfilter-scales by decreasing the grid cutoff ␦ locally through a local refinement of the mesh, for example, in the horizontal plane at the first few grid levels adjacent to a surface. ͑Domaradzki and co-workers 1,2 apply such a refined mesh everywhere͒ We propose a model based on a prediction of the RSFS velocity u s1 by solving approximately the exact evolution equation for u s1 . u s1 is then used as a surrogate for u s in Eq. ͑4͒ for the SFS stress tensor r . Thus, our modeled SFS stress is given by
where ␤ is a model constant ͑in the simulations described herein, ␤ϭ1͒.
The exact dynamic equation for the band-pass-filtered velocity u s1 is given by
where ( ) s1 implies a band-pass-like filter with filter function dictated by the LES and grid-cutoff filters. In Eq. ͑8͒ rr s1 ϭ(u r u r ) s1 and r1 s1 ϭ(u r u s1 ϩu s1 u r ) s1 contain all nonlinear interactions between the RSFS and RS motions. ͑ rr s1 contains all triadic interactions with two modes in the resolved scales and one in the s1 scales, while r1 s1 contains triads with two modes in s1 and one in r.͒ In contrast, 11 s1 ϭ(u s1 u s1 ) s1 contains local triadic interactions among scales confined to the RSFS band of scales illustrated by the light cross-hatched region of Fig. 1 . The term,
contains all nonlinear interactions between resolvable scales ͑RS and RSFS͒ and unresolvable subgrid scales. Thus, s1 must be modeled to capture, in particular, the flux of energy from the predicted RSFS velocity to the subgrid scales.
An important point is that Eq. ͑8͒ contains the correct form for the nonlinear interactions between the resolved velocity u r , and the RSFS velocity u s1 that is used as a surrogate for u s . These dynamical terms are calculated directly and therefore have the potential to capture the dynamics necessary to overcome the spurious couplings which form with algebraic models. Furthermore, these terms contain elements of ''sweeping'' of SFS velocity and therefore SFS stress by RS velocity, which may be important when the resolved scales are dominated by energetic outer-scale motions near the surface. 12 Note that pressure is calculated from a Poisson integral to maintain incompressibility, and that at high Reynolds numbers the viscous term is negligible.
On the other hand, one must appreciate the impossibility of estimating u s1 with infinite precision. Aliasing errors cannot be avoided in calculating u s1 , and s1 must be modeled. Thus, error in the model for SFS stress arises first from the approximation of replacing u s by u s1 , and second because u s1 itself cannot be calculated exactly. The best that can be theoretically obtained with this model is a prediction with the exact representation of u s1 . It is therefore of interest to ask if this ''best'' model prediction has the potential to overcome the spurious couplings which we argue are central to the incorrect expectation values generated near a surface with LES. To address this question we replaced the full subfilter velocity u s with the exact u s1 in the SFS stress tensor r obtained from a direct numerical simulation ͑DNS͒ of anisotropic buoyancy-driven turbulence, as described in the next section. Because the primary error which leads to overprediction of mean shear near the surface is the spurious prediction of the anisotropic structure of the SFS acceleration vector, 4 we plot in Fig. 2͑a͒ the ''anisotropy ratio'' of component rms of a S as a function of filter cutoff k ⌬ from the DNS. The exact anisotropies ͑solid curves͒ are compared with the anisotropies obtained by using u s1 in place of u s ͑dashed curves͒ with k ␦ ϭ1.5k ⌬ . Figure 2͑a͒ demonstrates that u s1 is a sufficiently accurate approximation of u s to capture, at quite a reasonable level, the anisotropic structure of a S , even when the integral scales are seriously under-resolved (k ⌬ Ͻ6). This result gives hope that a sufficiently accurate prediction of u s1 might yield a sufficiently accurate closure for SFS acceleration to overcome important inaccuracies near the surface which result from underresolution of integral-scale motions.
D. Application of the RSFS model
We test our model here using LES of anisotropic turbulence with the pseudo-spectral approach in all three homogeneous directions. Thus, the r filter in Eqs. ͑1͒-͑5͒ is accomplished in an explicit dealiasing step, here using a hard spectral filter at k ⌬ equal to half the maximum wave number resolvable on the grid (k ␦ ϭ2k ⌬ ). With an explicit filter the first nonlinear term on the right-hand side ͑RHS͒ of Eq. ͑8͒ is obtained for free by subtracting the filtered and nonfiltered versions of u r u r . The other two nonlinear terms increase the computational cost of the model significantly over standard eddy-viscosity closures. However, because under-resolution is confined to the first several grid levels adjacent to a surface, the extra cost for improvement in the LES near a surface can likely be contained to reasonable levels with a hybrid scheme in which a cheaper eddy-viscosity model is applied away from the surface in the well-resolved region of the flow. s1 in Eq. ͑8͒ must be modeled. Although s1 contains both energy flux and dynamic interactions between some grid-resolved and subgrid scales, we model only energy flux from the s1 to s2 scales using the simplest dissipative model, the classical Smagorinsky closure,
where the eddy-viscosity t ϭ(C s ␦)
2 ͉S s1 ͉. The second ͑iso-tropic͒ term on the right-hand side is combined with pressure in the solution of Eq. ͑8͒. Whereas we questioned the need for a more complex model for s1 , simple tests with more complex forms in which energy flux was modeled with no effect on the spatial structure of the s1 velocity field indicate no significant improvement over the much simpler Smagorinsky approach. It appears that the primary dynamics in the s1 scales are well captured by the nonlinear couplings between resolved and s1 scales, and that the divergence of s1 contributes insignificantly to the evolution of u s1 structure, at least to the level that u s1 is applied as a surrogate for u s in a model for SFS stress.
III. DNS AND LES OF HOMOGENEOUS ANISOTROPIC TURBULENCE
Incompressible anisotropic buoyancy-generated turbulence was generated starting with fluid at rest in a field of homogeneous random fluctuations in temperature within a cube with periodic boundary conditions using the method of Batchelor et al. 13 ͑see also JB99 for details͒. The Boussinesq approximation was applied in the Navier-Stokes equation and a separate scalar equation was carried for temperature ͑or density͒ with Prandtl number 1. The gravitational vector was in the negative z direction, so that as the turbulence evolved, the ''vertical'' component variance ͗w 2 ͘ grew more rapidly than the horizontal component variance ͗u 2 ͘Ϸ͗v 2 ͘.
The turbulent kinetic energy grew to a maximum, at which time buoyancy force was turned off. We carried out DNS and LES of strongly anisotropic decaying turbulence beginning at the time buoyancy was turned off (t*ϭ0) so as to evaluate the role of the SFS model when a S dominates a R without the additional influence of buoyancy production. Time is nondimensionalized by the eddy turnover time at t*ϭ0, defined as the ratio of average component integral scale to rms velocity in the three coordinate directions. Shown in Fig. 2͑b͒ are one-dimensional energy spectra of the three velocity components multiplied by the respective wave numbers. Statistics of the DNS flow field at t*ϭ0 are listed below: Figure 2͑b͒ and the flow statistics show that the turbulence is anisotropic both in component energy and integral scale.
Starting from this well-resolved strongly anisotropic velocity field, we compare the DNS and LES statistics for a 16 3 LES (k ␦ ϭ8) with a sharp cutoff filter at k ⌬ ϭ4, severely under-resolving horizontal energy, in order to calculate the exact RS and SFS quantities during the evolving DNS. The 16 3 LES is carried out using our new RSFS model, the classical Smagorinsky closure, and the similarity model ͑as described in JB99͒. The LES statistics are compared with DNS statistics during anisotropic decay.
IV. PERFORMANCE OF THE RSFS MODEL
Based on the deficiencies in current SFS closures which were uncovered by JB99 specific to under-resolved anisotropic turbulence, we analyze in the RSFS model its ability to capture ͑1͒ RS-SFS energy flux and a S intensity concurrently, ͑2͒ the correct anisotropies in a S and a R , and ͑3͒ the correct partitioning of a S into SFS stress-divergence and SFS pressure force.
A. RS-SFS energy flux vs SFS acceleration
In Fig. 3͑a͒ we compare the modeled RS-SFS energy fluxes predicted from the LES using the RSFS and Smagorinsky models with the exact RS-SFS energy flux calculated from the DNS data with the LES filter at k ⌬ ϭ4. The model constants were adjusted to yield approximately the correct RS-SFS energy flux at longer times so that the ability of the model to simultaneously capture energy flux and SFS acceleration intensity (a S rms ) could be determined ͑JB99͒. The Smagorinsky constant used was 0.28 with LES filter cutoff k ⌬ ϭ4. For the RSFS model we used ␤ϭ1, and the stress term s1 in Eq. ͑8͒ was modeled with a Smagorinsky constant of 0.16. The full RSFS model with all nonlinear interactions between RS and RSFS included ͓the first three terms in Eq. ͑8͔͒ is given by the dashed line, while the Smagorinsky model prediction is given by the dotted line. Because the Smagorinsky model is inherently designed for equilibrium turbulence, it was unable to respond to the nonequilibrium transient as the simulation adjusted itself to nonisotropic decay after Boussinesq forcing was switched off. The RSFS model, on the other hand, does a reasonable job of capturing the transient, indicating its potential suitability in LES of nonequilibrium turbulent flows.
It is of interest to examine the roles of the different nonlinear coupling terms in Eq. ͑8͒ in SFS model performance.
In Fig. 3͑a͒ we show two additional LES predictions with variants of the RSFS model, each with one of the first three terms in Eq. ͑8͒ missing. Model m13 has the second term missing ( r1 s1 ) while m23 is missing the first term ( rr s1 ). The m13 results show the importance of s1Ϫs1Ϫr triadic couplings in the closure. Overall, it appears that all coupling terms should be retained in the closure for an accurate prediction of RS-SFS energy flux.
We have adjusted the model constants to yield the correct RS-SFS energy flux at longer times. In Fig. 3͑b͒ we demonstrate how well the models also capture the intensity of SFS acceleration. In this figure the rms of a S is compared with filtered DNS. Consistent with JB99, the Smagorinsky model ͑dotted-dashed curve͒ severely underpredicts a S rms . The RSFS model is a great deal more successful at capturing both SFS acceleration intensity and RS-SFS energy flux, although there remains room for improvement.
We have also carried out the LES using the similarity model. With this closure the SFS stress tensor is modeled as proportional to a test-window stress associated with the predicted resolved velocity between the LES filter and a test filter of twice the LES filter scale ͑between k ⌬ and k ⌬ /2͒. However, in this highly under-resolved case, the similarity model failed to predict even the correct sign of the RS-SFS energy flux over eight eddy turnover times. Recognizing that the structure of the similarity model is appropriate to an LES filter scale well below all integral scales, it is not surprising that the similarity model is inappropriate for the highly under-resolved turbulence that exists at the first few grid levels adjacent to a rough surface. We shall not consider the similarity model further.
B. Partitioning of SFS acceleration, and SFS pressure
A difficulty with eddy-viscosity models uncovered in JB99 is their apparent inability to properly partition the SFS acceleration between SFS stress-divergence and SFS pressure force ͓the two terms in Eq. ͑3͔͒. The consequent poor prediction of p S may have important consequences for predicting RS velocity in the under-resolved surface layer adjacent to boundaries where the SFS terms contribute significantly to pressure transport and intercomponent energy transfer.
The ratio of rms SFS stress-divergence to SFS pressure force is found from the DNS (k ⌬ ϭ4) to be about 1.5 and nearly constant in time. The RSFS model predicts this ratio very well, to within 5% of the DNS result at all times.
The two dotted curves in Fig. 3͑b͒ show the rms values of SFS modified pressure force over time predicted by the RSFS and Smagorinsky models. ͓Because with the Smagorinsky closure, the pressure must be combined with the isotropic part of r as per Eq. ͑6͒, G RSFS in Fig. 3͑b͒ is created also using the modified pressure p S ϭ p S ϩ(/3)tr( r ).͔ Note that the Smagorinsky closure predicts negligible SFS pressure force during the LES, consistent with the a priori analysis of JB99, and suggesting that the Smagorinsky closure may severely under-predict the SFS contribution to pressure force near surfaces where pressure effects are most important. The RSFS model appears to correct this deficiency.
As discussed in Sec. II C, JB99 found a major deficiency in algebraic SFS closures which, they argued, underlies the overprediction of mean shear common to high Reynolds number near-wall LES. They found that the component of a S in the direction of dominant u r variance is spuriously enhanced, creating a feedback loop in which the overly strong anisotropy in a S erroneously enhances the anisotropy of u r , leading to an equilibrium state with incorrect u r and a S structure. Therefore, in evaluating the SFS model predictions, the anisotropic structure of a S and the consequent prediction of the anisotropic structure of the RS velocity field u r are of paramount importance.
In Fig. 4͑a͒ we compare the time evolution of the anisotropy ratio of component rms of SFS acceleration a S predicted with the RSFS and Smagorinsky models with the DNS result. Whereas the eddy-viscosity closure severely overpredicts the anisotropy at all times, consistent with the a priori JB99 result, the RSFS model captures the anisotropic structure of a S reasonably well.
Interestingly, the anisotropic structure of the resolved scale acceleration a R is also poorly predicted by the eddyviscosity closure, as shown in Fig. 4͑b͒ . It appears that overprediction of a S anisotropy also leads to overprediction of the anisotropy in a R -a double negative effect. The new RSFS model, however, appears to capture both a S and a R anisotropies well. These pleasing results are the strongest indication that the RSFS closure includes the primary RS-SFS interactions necessary for a dynamically meaningful model of high Reynolds number under-resolved turbulence. Given the ability of the RSFS model to capture well the structure of the dynamic terms in the filtered Navier-Stokes equation together with a reasonable approximation of RS-SFS flux, it is not surprising to find that the anisotropic structure of the RS velocity field itself is well predicted with the new RSFS model, as shown by the solid vs dashed curves in Fig. 5͑a͒ . As found by JB99, the eddy-viscosity closure leads to systematic overalignment of the resolved velocity in the direction of w r , the dominant velocity component. Interestingly, the submodel m13, which did the poorer job of predicting RS-SFS flux in Fig. 3͑a͒ compared with submodel m23, does the better job of predicting the structure of the RS velocity, suggesting again that all explicit couplings between RS and SFS should be retained in the RSFS closure.
With better resolved integral scales, both the Smagorinsky and the RSFS model performances improve, as illustrated in Fig. 5͑b͒ with LES filter cutoff at k ⌬ ϭ5. At larger values of k ⌬ , the eddy-viscosity closure performance improves further, although the RSFS closure continues to outperform the eddy-viscosity closure. Indeed, the RSFS closure appears to perform extremely well with only slight improvement in the under-resolution of integral scales shown in Fig.  5͑b͒ , albeit at higher cost.
V. DISCUSSION
A. The RSFS model in under-resolved anisotropic homogeneous turbulence
Away from surfaces, integral-scale motions can be well resolved, so that the primary demand on the modeled SFS stress is ensemble mean RS-SFS energy flux. In the underresolved turbulence, however, the SFS model must also predict elements of SFS acceleration, and the partitioning of SFS acceleration into stress-divergence and SFS pressure force. It is not surprising, therefore, that algebraic SFS models should perform poorly at the first few grid levels adjacent to a surface when a viscous sublayer does not exist or is not resolved by the grid. With consequent under-resolution of the integral scales, algebraic models couple the SFS stress directly to the poorly resolved integral scales, creating an environment which encourages systematic buildup of error in the structure of modeled SFS acceleration ͓Fig. 4͑a͔͒, predicted RS acceleration ͓Fig. 4͑b͔͒, and RS velocity ͑Fig. 5͒. The problem is made critical by the dominance of SFS over RS acceleration in severely under-resolved turbulence ͑in our simulation SFS acceleration dominates RS acceleration initially by a factor of 5͒.
Given the severe degree of under-resolution, we have found that the similarity model is inappropriate to near-wall turbulence. The Smagorinsky eddy-viscosity closure, particularly when coupled with the dynamic evaluation of the model constant, is useful in regions of the flow where all integral scale motions are well resolved ͑so that RS acceleration dominates the dynamics͒, when the turbulence is in equilibrium, and when the demands of the LES are restricted to expectation values and statistics confined to the energycontaining motions. In under-resolved near-surface turbulence, however, the eddy-viscosity closure severely underpredicts SFS pressure force and cannot capture the correct levels of SFS acceleration and RS-SFS energy flux simultaneously ͓Fig. 3͑b͔͒. More importantly, LES with this closure over-predicts alignment of the SFS acceleration vector, RS acceleration and resolved velocity ͑Figs. 4 and 5͒, consistent with the a priori analysis of JB99.
Most of these deficiencies of algebraic closures appear to be overcome by our proposed RSFS closure, in which advantage is taken of the smallest scales which are resolvable, in principle, on the grid in the spectral gap between the LES filter and grid cutoff scale. Our RSFS model is based on ͑i͒ a second dynamical system which has the potential to break the spurious feedback loop between RS velocity and SFS acceleration, ͑ii͒ the essential dynamic couplings at a reasonable level of approximation between the RS and SFS velocities, and ͑iii͒ a model of SFS velocity ͑rather than SFS stress͒ in an effort to capture approximately the correct structure of both SFS stress and SFS stress divergence, with the hope that improved concurrent predictions of RS-SFS energy flux, SFS acceleration, and correct partitioning between stress divergence and SFS pressure force, will result. We evaluated our model by confining the SFS dynamical system to the smallest grid-resolved subfilter scales ͑RSFS͒ in the gap created by explicit dealiasing on the grid in a pseudo-spectral LES of highly under-resolved anisotropic homogeneous turbulence ͑i.e., without surfaces͒ with ⌬/␦ ϭ2. The model not only appears to overcome the primary difficulties of algebraic closures in highly under-resolved homogeneous turbulence, it also appears to track nonequilibrium transients, as shown particularly in RS-SFS energy flux ͓Fig. 3͑a͔͒ but also in SFS and RS acceleration ͑Fig. 4͒ and RS velocity ͑Fig. 5͒. The model captures both RS-SFS energy flux and SFS acceleration structure and intensity at a reasonable level of approximation ͑Fig. 3͒, and does very well at partitioning SFS acceleration into its stressdivergence and pressure-force components.
B. Comparison with LES having no spectral gap
The design of our RSFS model is based on the necessity of a spectral gap between the grid ''cutoff filter'' and the LES filter, determined explicitly in pseudo-spectral LES and implicitly in physical-space-based LES. One might ask what the difference is between the procedure described here and an LES in which the LES filter and the grid-cutoff filter coincide, as might be achieved with a nondissipative numerical scheme and a SFS model that removes RS energy only from the smallest resolved scales. In fact, if one were to formally sum Eqs. ͑1͒ and ͑8͒, one would obtain an equation for the evolution of u g ϭu r ϩu s1 that would be identical to Eq. ͑1͒ with u r replaced by u g , u s replaced by u s2 , and the r-filter replaced by the g-filter. Since we have applied the Smagorinsky closure for the unclosed flux s1 , in Eq. ͑8͒, can one argue that the RSFS model is equivalent to a LES in which the filter and grid scales in Fig. 1 coincide and a Smagorinsky closure is applied to the unclosed flux?
To address this question one must distinguish between the equations that underlie a large-eddy simulation, and the algorithm that is applied in a large-eddy simulation. Whereas the sum of Eqs. ͑1͒ and ͑8͒ yield a resolved equation in which grid and LES filters coincide, the application of the LES with the RSFS closure is different. To appreciate the difference one must consider the consequences of ͑de͒alias-ing, the range of scales directly modified by the Smagorinsky-modeled terms, and the level of direct dynamical influence on those scales. Our application of the RSFS model has not altered the manner in which RS velocity is computed from the filtered Navier-Stokes equation. Dealiasing is still performed after formation of the convolution products with the RSFS model as with any other closure. Thus, the RS velocity is computed approximately without aliasing error. Although the calculation of u s1 is very much not free of aliasing errors, these errors have only an indirect influence on RS velocity through the precision of the modeled SFS stress, which we have shown is much improved over standard algebraic closures. A nondissipative simulation with coincident LES and grid filters would lead to severely aliased scales in the RS range of Fig. 1 ͑dark cross-hatched͒, and numerical instability.
These points are illustrated in Fig. 6 where the LES using the RSFS algorithm is compared with an LES of u g ϭu r ϩu s1 with the Smagorinsky closure and various Smagorinsky constants. Clearly the two approaches are very different. ͓A band-passed version of the Smagorinsky closure as given by Eq. ͑9͒ produces immediate growth in the turbulent kinetic energy.͔ Furthermore, the example simulation demonstrates the need for a second LES filter at scales larger than the grid scale, not only for accuracy of the LES, but also to maintain numerical stability.
The RSFS model approximates the exact nonlinear interactions between resolved and subfilter-scale motions straddling the LES filter cutoff, providing a dynamically sound basis for improvement over algebraic closures which act directly on the smallest filter-resolved turbulence scales. In our RSFS closure, the error introduced by the eddy-viscosity closure of s1 is confined to the dynamics of u s1 , which appears to be dominated by nonlinear interactions with u r . In effect, the RSFS closure moves the influence of the eddy-viscositymodeled terms from the smallest ͑dealiased͒ filter-resolved scales, where its harm to RS dynamics is direct and significant in under-resolved turbulence, to the smallest ͑aliased͒ grid-resolvable scales, where its harm to RS dynamics is indirect and much less severe. FIG. 6 . We demonstrate the fundamental difference between the RSFS closure, which makes explicit use of the spectral band used for dealiasing the resolved velocity equation, and a simulation in which u r ϩu s1 is solved using the Smagorinsky closure. The figure shows the turbulent kinetic energy obtained from LES of u r ϩu s1 using the Smagorinsky model with the LES filter coinciding with the grid filter. The resolved velocity is obtained by back filtering the calculated velocity to k ⌬ ϭ4. Different Smagorinsky constants have been chosen below and above the typical value of 0.2. Comparisons are also made with no closure (C r ϭ0).
